Correlation between large- and small-scale velocity components under Fourier filters  by Fang, Le
THEORETICAL & APPLIED MECHANICS LETTERS 4, 062008 (2014)
Correlation between large- and small-scale velocity
components under Fourier ﬁlters
Le Fanga)
Beihang Sino-French Engineering School, Beihang University, Beijing 100191, China
(Received 7 May 2014; revised 18 June 2014; accepted 20 August 2014)
Abstract By introducing the Fourier ﬁlters, we analyse the correlation between
large- and small-scale velocity components in homogeneous isotropic turbulence
theoretically. We show that different Fourier ﬁlters act similarly on this multi-
scale correlation with a “natural” mechanism of removing the physical correla-
tions between large- and small-scale velocity components. This conclusion calls
for the further investigation on the Hilbert–Huang decomposition to investigate
the mechanism of Marusic et al (2008).
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The large-eddy simulation (LES) technique has been developed in the last 50 years, yet till
now it may not be regarded as a reliable tool in practical computations for engineering problems.1
One of the problems is that, the key assmptions in subgrid models (for example the scaling law2–5
and the energy spectrum law6) are usually non-universal.7 Researchers aim at searching a univer-
sal criterion, while a recent famous progress is a universal multi-scale correlation discovered by
Marusic et al.8 This correlation has attracted many following researchers all over the world, how-
ever, the recognization of it is still not clear,7,9 due to its complicated data-processing procedure,
i.e., the Hilbert–Huang decomposition. To study this problem, we introduced a model of three-
point velocity increment correlation, which can specify two types of endogenetic correlations,7
yet it is still distinct from the Hilbert–Huang process. This letter aims at stepping a little further
and providing a closer model to explain study in Ref. 8.
The Hilbert–Huang process is deﬁnitely the key of study in Ref. 8. It divides a velocity
time-series to large- and small-scales,10,11 similar as many other mathematical methods, e.g.,
the Fourier transform and the Wavelet decomposition. Here we start from the Fourier trans-
form to investigate the correlation between large- and small-scale velocity components, which
is expected to help understanding the fact of Ref. 8. Deﬁning ui as the velocity component in
the physical space (PS) and i2 = −1, the corresponding Fourier transform can be introduced as
uˆi(k) = [1/(2π)]3
∫
e−ik·xui(x)dx, with the inverse Fourier transform ui(x) =
∫
eik·xuˆi(k)dk.
There are many ﬁlters which can be represented in the Fourier spectral space (FSS), for in-
stance the cut-off ﬁlter, top-hat ﬁlter, and Gaussian ﬁlter. In general, isotropic ﬁlters can be deﬁned
in FSS as F (ui(x)) =
∫
eik·xW (k)uˆi(k)dk, in which we call the operator F as a ﬁlter, with W (k)
the related kernel function in FSS and k= |k|. The wave number k is usually related to a scale 2π/k
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in PS. In LES this ﬁlter can be a low-pass type of high-pass type, corresponding to the resolved or
subgrid-scale part, respectively. By contrast, we focus on the correlation between separated scales,
and a band-pass ﬁlter will be introduced by combining a low-pass ﬁlter and a high-pass ﬁlter. For
example, two cut-off ﬁlters result in the following kernel function Wcut-off(k) = 1(k1  k  k2)
orWcut-off(k) = 0(otherwise), which can represent the scale 2π/k2  Δ  2π/k1 in PS. Note that
the cut-off ﬁlter is “sharp”, and a single scale Δ = Δ0 can not be appropriately represented. By
contrast, both the top-hat ﬁlter and Gaussian ﬁlter are not “sharp” in FSS, and a ﬁlter operation
corresponding to a single scale Δ = Δ0 = 2π/k0 can be deﬁned.
With two top-hat ﬁlters, the combined kernel function readsWtop-hat(k)=3ξ−6(sinξ−ξ cosξ )·
[ξ 3−3(sinξ −ξ cosξ )] by deﬁning ξ = πk/(2k0). Similarly, with two Gaussian ﬁlters, we have
WGaussian(k) = e−ξ
2/24− e−ξ 2/12. The shape of these kernel functions can be found in Fig. 1.
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Fig. 1. The combined kernel functions. Solid line: two top-hat ﬁlters; dashed line: two Gaussian ﬁlters.
Here we are particularly interested in the correlation between two velocity components ui
and u j, which are ﬁltered at two separated scales, say F1 and F2 respectively. Deﬁning W1
and W2 as the corresponding kernel functions, we can write the Fourier transform W1(k)uˆi(k) =
(2π)−3
∫
e−ik·xF1(ui(x))dx, W2(k)uˆ j(k) = (2π)−3
∫
e−ik·xF2(u j(x))dx. By considering the as-
sumption of homogeneity and deﬁning 〈〉 as the ensemble average, we have (see Sect. 5.9.8 of
Ref. 12 for details)
〈W1(k)uˆi(k)W2(k′)uˆ j(k ′)〉= (2π)−6
∫∫
e−i(k·x+k
′·x′)〈F1(ui(x))F2(u j(x′))〉dx
= (2π)−3δ (k+ k′)
∫
e−ik·rUi j(r)dr (1)
with Ui j(r) = 〈F1(ui(x′+ r))F2(u j(x′))〉.
If we only consider the longitudinal components, using the Hermitian property of the spectral
tensor, and by considering the periodical condition in a box to eliminate the Dirac delta function,
we have
W1(k)W2(k)〈uˆi(k)uˆ∗i (k)〉= (2π)−3
∫
e−ik·rUii(r)dr. (2)
From the traditional turbulence theory6,12 we know the Fourier expression of 〈ui(x′+ r)ui(x′)〉
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(denoted as Uˆii(k)). It has the following relation with the energy spectrum E(k)
E(k) = 2πk2Uˆii(k) = 2πk2〈uˆi(k)uˆ∗i (k)〉. (3)
By comparing Eqs. (2) and (3), we can obtain the ﬁnal expression of the velocity correlation by
using the inverse Fourier transform
Uii(r) =
1
2πk2
∫
eik·rW1(k)W2(k)E(k)dk. (4)
In particular, when r = 0 and in isotropic turbulence, we have
U11(0) =
2
3
∫
W1(k)W2(k)E(k)dk. (5)
Let us describe the physical picture of this result. By considering the deﬁnition (1), Eqs. (4)
and (5) can be considered as the correlation of two ﬁltered velocity components. The two ﬁlters
are F1 and F2, which correspond to two (separated) scales Δ1 and Δ2 respectively (without losing
the generality, in this letter we always assume Δ1Δ2). Uii(r) is therefore the velocity correlation
between two points with distance r, while Uii(r) is related to the one-point correlation. Note that
there are three characteristic spatial scales Δ1, Δ2, and r, where Δ1, Δ2 are related to the ﬁlters,
and r represents the two-point distance of the correlation function.
In order to observe the scaling behavior of the correlation function, in the following part we
consider two model spectra respectively. The ﬁrst model assumes an energy spectrum E(k) ∼
k−5/3, which corresponds to the situation when all the characteristic scales locate in the inertial
range;7 the second model assumes E(k) ∼ exp(−k2), which could represent the behavior in the
dissipation range.13 As already mentioned, the cut-off ﬁlter in FSS always yields independent
results when Δ2 = Δ1, thus here we only consider the top-hat ﬁlter and Gaussian ﬁlter, respec-
tively. With r = 0, from Eq. (5) we can numerically calculate the correlation function U11(0) as
a function of Δ2/Δ1, noting as U11(0,Δ2/Δ1). Results are shown in Fig. 2(a), where the y-axis is
normalized by the correlation value of U11(0,0). When Δ2/Δ1 is large, meaning that Δ1 and Δ2
are separated, the correlation function tends to zero, which agrees with the intuation. We also ﬁnd
that there are no obvious difference among the different cases in this subﬁgure, which means that
neither the spectrummodel nor the ﬁlter type obviously affects the correlation. Also, similar as the
traditional analysis on the structure function,5,6,14 we can deﬁne the scaling exponent of U11(0) as
a function of Δ2/Δ1, which is n(Δ2/Δ1)= [∂U11(0,Δ2/Δ1)/∂ (Δ2/Δ1)][(Δ2/Δ1)/U11(0,Δ2/Δ1)].
Figure 2(b) shows this scaling exponent. It is observed that we have n(Δ2/Δ1)≈ 0 with Δ2/Δ1 = 1
and n(Δ2/Δ1)→−2 with Δ2/Δ1 →−∞. The latter scaling agrees with the Taylor expansion anal-
ysis. Similarly, form this ﬁgure we can conclude that neither the spectrum model nor the ﬁlter
type signiﬁcantly affects the scaling exponent.
When ﬁxing the ratio of ﬁlter scales Δ2/Δ1, the correlation function Uii(r) can be calculate
with different two-point distance r by Eq. (4). Figure 3 shows an example with ﬁxed Δ2/Δ1 = 2.5,
where the y-axis is normalized by the correlation value of Uii(0). It is found that with increasing
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Fig. 2. The correlation function and the scaling exponent with different Δ2/Δ1. The two-point distance is
r = 0. (a) The correlation function U11(0). (b) The scaling exponent n(Δ2/Δ1).
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Fig. 3. The correlation function Uii(r) exponent with different r/Δ1. The ratio of ﬁlter scales Δ2/Δ1 = 2.
two-point distance r, the correlation decreases to zero with oscillation. Similar as Fig. 2, there is
no signiﬁcant difference among the four cases with different spectrum models and ﬁlter types.
The universal multi-scale correlation, discovered by Marusic et al.,8 is quite important in
turbulence community and helpful for LES modelling.15 However, due to the complexity of its
data-processing procedure, the understanding of this fact is still not clear. In this letter we start
from the Fourier transform to investigate a similar situation. We consider the situation that two
(one-point or two-point) velocity components are divided by different band-pass-like ﬁlters re-
spectively, thus each one can represent the characteristics of a certain ﬁlter scale (Δ1 and Δ2).
Then, the correlation between these two scales are analysed analytically by introducing the com-
bined kernel function. Conclusion can be obtained that pure cut-off ﬁlters in FSS always yield
“clean” separation between scales, and the large- and small-scale quantities will be always in-
dependent. Other ﬁlters, such as the top-hat ﬁlter and the Gaussian ﬁlter, can yield non-zero
correlation values for the large- and small-scale velocity components. This correlation decreases
with increasing Δ2/Δ1 or increasing r/Δ1. When we consider the one-point situation, i.e., r = 0,
the scaling exponent varies from 0 to −2. It is interesting that neither the spectrum model nor
the ﬁlter type signiﬁcantly affects the results, which may denote the fact that all these different
Fourier ﬁlters act similarly on this multi-scale correlation. We can therefore conclude that Fourier
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ﬁlters “naturally” prevent us from formulating a physical correlation between large- and small-
scale velocity components because of their global behavior. In the other words, the decomposition
based on Fourier transform loses some physical information of the multiscale correlation, and can
not correctly explain the mechanism of Marusic et al. Hence, another work on the Hilbert–Huang
decomposition should be investigated similarly in the following research, while the comparison
with this letter would be important for us to understand the mathematical and physical mechanism
of Marusic et al.16
In addition, we would also like to comment that this letter also sheds light on the investigation
of the non-linear depletion phenomenon of the Navier–Stokes turbulence.17 Our previous study18
focused on the evolution of the non-linear term u ·∇u in truncated turbulence. Indeed, the further
analysis of this evolution will require the multi-scale decomposition technique of the terms like
〈u1u2〉. Speciﬁcally, in the truncated turbulence a velocity component ui can be decomposed to
a “full-developed” part ui,f and a “truncated part” ui,t, therefore we have 〈u1u2〉 = 〈u1,fu2,f〉+
〈u1,fu2,t〉+ 〈u1,tu2,f〉+ 〈u1,tu2,t〉. The ﬁrst and fourth terms in the right-hand side can be estimated
easilly, yet the behavior of the other two cross terms are not clear. Indeed, a certain type of spectral
ﬁlter can be applied to this decomposition, and the correlation between the “full-developed” part
and the “truncated part” will be able to be investigated both theoretically and numerically.
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